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Abstract
In this paper the dynamics of an electromechanical system is investigated. In this model, the phase of the system is a dynamical
variable. The existence of four periodic orbits is proved. Two of them are asymptotically stable and the others are unstable. In the
absence of viscous damping, when the parameters associated to the dimensionless voltages are adequately changed, each orbit is
subject to a change of stability of the kind stable→unstable→ stable with repetition of this pattern. This phenomenon is known as
Sommerfeld Eﬀect. Moreover, the stability of these orbits depends on the zeros of the Bessel function J1.
c© 2016 The Authors. Published by Elsevier B.V.
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1. Introduction
Nowadays electromechanical coupling is common in technology. Moreover, the dynamics of electromechanical
systems is a topic that is worthy to research due to its importance in applications and also because it leads to very
interesting dynamical systems whose investigation is interesting by itself, see3,4,6,7,10,11,12,13. Motors are the most used
actuator in technology and it is important to study how they interact with mechanical systems instead than use the
common supposition that the coupling is through a harmonic force.
In this paper a theoretical analysis is performed in a apparently simple system composed by a cart, ﬁxed elastically
to a wall and with viscous dissipation at one end and, at the other end, coupled to a DC motor. The coupling between
the motor and the cart is made by a mechanism called scotch yoke. In this simple system the coupling is a dynamical
one. Without the spring the system would be driven by the constraint and the dynamics is a sort of master-slave
relation, that is, the cart poses no opposition, beyond its inertia, to the motion imposed by the motor. With the
inclusion of the spring the dynamics changes completely, because now the force imposed by the motor into the cart
has the opposition of the forces of the spring and the damper.
This paper is organized as follows. In Section 2 the equations of motion of the electromechanical system are
given. It must be emphasized that this system has a constraint. And, in Subsection 2.1, these equations are rewritten
in a dimensionless form and a small parameter is introduced in the system. Moreover, two crucial steps are made
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on this last system, an Ansatz about the type of solution and an exact resonance condition are introduced in the
search for periodic solutions. The results of existence and stability are obtained in Section 3. There are four periodic
orbits, two of them are asymptotically stable and two are unstable. Also, it is shown that the stability of the periodic
orbits strongly depends on the zeros of the Bessel function J1. Using these results, in Section 4 the dynamics of the
electromechanical system is analysed in two limit cases: when the dimensionless voltages are very big, and also when
they are very small. And, in Section 5, assuming the absence of the damper (this is not necessary to obtain the results,
but with it the proofs are simpler), the foregoing results are applied to prove the existence of the Sommerfeld Eﬀect, as
it was deﬁned in5Subsection 6.1. The Sommerfeld Eﬀect was investigated, for example, in1,5,6,10. A review is given
in1. But, here there is a striking diﬀerence. Due to the presence of the constraint, the jumps ocurring here only aﬀect
the phase of the oscillations. This is quite distinct of the ocurrence of the Sommerfeld Eﬀect in others mechanical
systems as, for example, the ones given in1. And, as far as we know, this is the ﬁrst time that such phenomenon, of
phase bifurcation in relation to the Sommerfeld Eﬀect, is reported in the literature. In Subsection 5.1 a plotting of a
periodic orbit is given.
2. An electromechanical system
The mathematical modeling of DC motors is based on the Kirchhoﬀ’s law9. It comprises of the equations
l c′(t) + r c(t) + keα′(t) = ν + χ sin (ω1 t) ,
jmα′′(t) + bmα′(t) − kt c(t) = −τ(t) (1)
where t is the time, ν and χ are constant voltages, ω1 is the driving circular frequency of the external periodic exci-
tation, c is the electric current, α′ is the angular speed of the motor, l is the electric inductance, jm is the motor axial
mass moment of inertia, bm is the damping ratio in the transmission of the torque generated by the motor to drive
the coupled mechanical system, kt is the torque constant, ke is the motor electromagnetic force constant and r is the
electrical resistance. Figure 1 shows a sketch of a DC motor. The available torque to the coupled mechanical system
is represented by τ, that is the component of the torque vector τ in the z direction shown in Figure 1. We would like
to remark that the angle α, given in radians, is dimensionless.
ν + χ sin (ω1 t)
−
+
r l
d
Pin
DC Motor
y
x
z
α (t)
c (t)
Fig. 1. Electrical DC Motor
The system analyzed in this paper is composed by a cart, ﬁxed elastically to a wall and with viscous dissipation at one
end and, at the other end, coupled to a DC motor, as sketched in Figure 2. The motor is coupled to the cart through
a pin that slides into a slot machined on an acrylic plate that is part to the cart, as shown in Figure 2. The pin hole
is drilled oﬀ-center on a disk ﬁxed in the axis of the motor, so that the motor rotational motion is transformed into
horizontal cart motion. On this cart is applied a restoring force −c1 x and a viscous damping force given by −k1 x′. It
can be shown that
τ(t) = − f (t)d sinα(t) . (2)
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Fig. 2. Electromechanical System
where f (t) denotes the ﬁrst component of the coupling force between the DC motor and the cart. Due to constraints,
the cart is not allowed to move in the vertical direction. Due to the problem geometry, the horizontal motion of the
cart x and the angle α of the motor are related by the constraint
x(t) = d cosα(t) . (3)
Since the cart is modeled as a particle of mass m, it satisﬁes the equation
m x′′(t) = f (t) − k1 x′(t) − c1 x(t) . (4)
Substituting (2), (3) and (4) in (1) one obtains the following system.
l c′ (t) + ke α′ (t) + r c (t) = ν + χ sin (ω1 t) ,(
d2 sin (α (t))2 k1 + bm
)
α′ (t) +
(
d2 m sin (α (t))2 + jm
)
α′′ (t)
+d2 m cos (α (t)) sin (α (t)) α′ (t)2 − c1 d2 cos (α (t)) sin (α (t)) − kt c (t) = 0.
(5)
2.1. Dimensionless formulation
Take α′ (t) = u (t) in (5). Consider now the following dimensionless parameters and functions given by
s =
r
l
t, p (s) = α
(
l s
r
)
, q (s) =
l
r
u
(
l s
r
)
, w (s) =
l
ke
c
(
l s
r
)
,
x (s) =
1
d
x
(
l s
r
)
, ω2 =
ω1 l
r
, v0 =
ν l
ke r
, v1 =
d2 m
jm
, v2 =
ke l kt
jm r2
,
v3 =
bm l
jm r
, v4 =
χ l
ke r
, v5 =
l k1
m r
, v6 =
c1 l2
m r2
.
(6)
By writing (5) as a dimensionless ﬁrst order system, assuming v1 = , and performing the change of scale s→supslopeω2
one gets
p′ (s) = q (s)upslopeω2, (7)
w′ (s) =
(
−w (s) − q (s) + v0 + v4 sin (s)
)
upslopeω2, (8)
q′ (s) =
(
− v5 q (s) sin2 (p (s)) −
(
 q (s)2 −  v6
)
cos (p (s)) sin (p (s)) (9)
+ v2 w (s) − v3 q (s)
)
upslope
(
ω2
(
1 +  sin2 (p (s))
))
.
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By taking  = 0 into (8)-(9), the unique 2π-periodic solution of this system is given by
w0 (s) = A0 + A1cos (s) + A2sin (s) , q0 (s) = B0 + B1cos (s) + B2sin (s) . (10)
where the Ai, Bj, i, j = 0, 1, 2 are complex expressions involving the dimensionless parameters, particularly B0 =
v0 v2upslope (v3 + v2). Hence (10) gives the unperturbed dimensionless current and angular speed. Now, let us assume the
following Ansatz and the exact resonance condition.
q (s) = q0 (s) +  z (s) , w (s) = w0 (s) +  w1 (s) (11)
ω2 = B0. (12)
Now consider the following change of variable
p (s) = s − B2cos (s)
B0
+
B1sin (s)
B0
+ p1 (s) . (13)
By substituting (11)-(13) into (7)-(9) one gets the following system
p′1 (s) =  h1 (s, p1 (s) , x (s) , ) ,
x′ (s) = Ax (s) + h (s, p1 (s)) + h2 (s, p1 (s) , x (s) , )
(14)
where x = (w1, z),
A =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
− 1
B0
− 1
B0
v2
B0
− v3
B0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, h1 (s, p1,w1, z, ) =
z
B0
, h (s, p1) =
(
0
h02 (s, p1)
)
, h2 (s, p1,w1, z, ) =
(
0
h22 (s, p1,w1, z, )
)
(15)
h02 (s, p1) = K1 cos (K4 cos (s + φ3) + s + 2 p1 + φ1) + K2 cos (s + φ2) + K3. (16)
The new parameters Ki′s and φ j′s are complicated functions of the dimensionless parameters given in (6). But, K1,
K2, K4 are positive and K3 = −v0 v2 v5upslope (v3 + v2). And, for our purposes it is not necessary to give the expression of
h2. Now for each p1, let F (s, p1) = (F1 (s, p1) ,F2 (s, p1)) be the unique 2 π-periodic solution of
∂F
∂s
= AF (s, p1) + h (s, p1) . (17)
It can be proved that there is a change of variables such that (14) can be rewritten as
p′1 =  h1 (s, p1, y, ) ,
y′ = Ay + h2 (s, p1, y, ) ,
(18)
where y = (w2, z1) and
h1 (s, p1,w2, z1, ) =
z1 + F2 (s, p1)
B0
. (19)
3. Existence and stability of periodic orbits
In this section, the existence and stability of periodic solutions of Eq. (18) is investigated. Since all the eigenvalues
of the matrix A, given in Eq. (15), have negative real parts, one can use the results of8pg.196, Th. 3.4. From this
theorem, it is only necessary to study the stability of the critical points of the following scalar equation
p′1 =  h10 (p1) (20)
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where
h10 (p1) =
1
2 π
∫ 2 π
0
F2 (s, p1)
B0
ds.
By integrating (17) on the interval [0, 2 π], using the periodicity of F, and since A is an invertible matrix, one has∫ 2 π
0
F (s, p1) ds = −A−1
∫ 2 π
0
h (s, p1) ds (21)
From (15), (16), (21) and the theory of Bessel functions, (see14pg.379, Ex.1), the equation (20) can be rewritten as
p′1 = 
(
K3
v3 + v2
− K1 J1 (K4)
v3 + v2
sin (2 p1 + φ1 − φ3)
)
. (22)
where J1 is the Bessel function of the ﬁrst kind of order 1. For the existence of equilibrium points of (22), it will be
assumed that the following inequality |K3upslope (K1 J1 (K4)) | < 1 holds.
It is well known that J1 has an inﬁnite number of zeros in R+ and also that it changes its sign an inﬁnite number of
times in R+. Take θ0, 0 ≤ θ0 < π2 , such that
sin (θ0) =
∣∣∣∣∣ K3K1 J1 (K4)
∣∣∣∣∣. (23)
If K3upslope (K1 J1 (K4))≥0 the equilibrium points of (22) are the following ones
ζ+1 =
θ0
2
+
φ3 − φ1
2
, ζ+2 =
π − θ0
2
+
φ3 − φ1
2
, ζ+3 =
2 π + θ0
2
+
φ3 − φ1
2
, ζ+4 =
3 π − θ0
2
+
φ3 − φ1
2
. (24)
If K3upslope (K1 J1 (K4)) < 0 one obtains
ζ−1 =
π + θ0
2
+
φ3 − φ1
2
, ζ−2 =
2π − θ0
2
+
φ3 − φ1
2
, ζ−3 =
3 π + θ0
2
+
φ3 − φ1
2
, ζ−4 =
4 π − θ0
2
+
φ3 − φ1
2
. (25)
Since the the eigenvalue associated to the equilibrium point ζ±i is given by
D = −2K1 J1 (K4)
v3 + v2
cos
(
2 ζ±i + φ1 − φ3
)
 0
for all i = 1, . . . , 4, it follows from previous cited theorem of8 that (18) has four hyperbolic periodic orbits whose
periods equal 2 π. And, from (24) or (25), one concludes that two of them are stable and the two others are unstable.
4. Asymptotic behaviour in relation to the dimensionless voltages
Now, let us assume all parameters ﬁxed from now on, except the dimensionless voltages v0 and v4. Here, the
dynamics of (18) is investigated in two cases: when the voltages become very small or when they become very big.
The results are only stated, no proofs are given. The proofs depend on the asymptotic behaviour of the Bessel function
J1. When v4 is constant and v0  1 or v0 	 1 then (22) has no equilibrium point. When v0 is constant and v4  1
then (22) has again no equilibrium point.
When v0 is constant and v4 → ∞ there are more interesting results. Let {σn} , n ∈ N be the sequence of all non-
negative zeros of J1, where σ0 = 0 and σn < σn+1. It is known that lim
n→∞σn = ∞ , J1 (x) > 0 on (σ2n, σ2n+1) and
J1 (x) < 0 on (σ2n−1, σ2n). One obtains that there are two inﬁnite sequences of natural numbers qn, q
′
n satisfying the
following conditions:
I For each n ∈ N there are two intervals Ln = [an, bn], L′n =
[
a
′
n, b
′
n
]
with an < bn, a
′
n < b
′
n limn→∞an = ∞ and limn→∞a
′
n = ∞
such that Ln ⊂
(
σ2qn , σ2qn+1
)
and L
′
n ⊂
(
σ2q′n+1, σ2q
′
n+2
)
.
II If v4 ∈ Ln or v4 ∈ L′n then the condition |K3upslope (K1 J1 (K4)) | < 1 holds.
Note that, if v4 ∈ Ln the equilibrium points of (22) are given by (25). And one gets that ζ−1 , ζ−3 are unstable equilibrium
points and ζ−2 , ζ
−
4 are asymptotically stable equilibrium points. If v4 ∈ L
′
n the equilibrium points are given by (24) and
one gets that ζ+1 , ζ
+
3 are unstable equilibrium points and ζ
+
2 , ζ
+
4 are asymptotically stable equilibrium points.
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5. Sommerfeld eﬀect and its mechanical explanation
The results of the last section lead to an interesting dynamical behaviour known as Sommerfeld Eﬀect. For conve-
nience of the reader the original mathematical deﬁnition, given in5Subsection 6.1, is repeated here.
Deﬁnition 1. Take an open subset Ω ⊂ Rn and the following C1 mapping:
F : Ω × R × (a, b)→ Rn.
Consider a system of ordinary diﬀerential equations given by x˙ = F (x, t, γ) where F is T-periodic in the variable t,
x ∈ Rn, and γ ∈ (a, b) ⊂ R is a parameter. If there are an interval (γ1, γ2) ⊂ (a, b) and a T-periodic orbit Θ (t, γ) of
the system, such that Θ (t, γ) is stable if γ ∈ (a, γ1) ∪ (γ2, b) and unstable if γ ∈ (γ1, γ2), we say that the system has a
Sommerfeld Eﬀect in the parameter γ.
For the physical motivation for this deﬁnition see5. It must be observed that the deﬁnition does not depend on any
particular physical pattern of the system. It is a purely dynamical deﬁnition. The Sommerfeld Eﬀect is a bifurcation
phenomenon. In it one ﬁnds a change of stability of a periodic orbit when an adequate parameter grows (or decreases).
Of course the interpretation depends on the particular system.
Let us take v5 = 0. This means, from (6), that there is no viscous damping. From this one has K3 = 0. Hence, from
(24) the equilibrium points are the following ones
ζ+1 =
φ3 − φ1
2
, ζ+2 =
π
2
+
φ3 − φ1
2
, ζ+3 = π +
φ3 − φ1
2
, ζ+4 =
3 π
2
+
φ3 − φ1
2
. (26)
It follows from (26) that: a) If J1 (K4) > 0 then ζ+1 , ζ
+
3 are asymptotically stable equilibrium points and ζ
+
2 , ζ
+
4 are
unstable hyperbolic equilibrium points of (22); b) If J1 (K4) < 0 then ζ+1 , ζ
+
3 are unstable hyperbolic equilibrium
points and ζ+2 , ζ
+
4 are asymptotically stable equilibrium points of (22).
From8pg.196, Th. 3.4 one concludes that each ζ+i gives a 2 π-periodic hyperbolic orbit S i = (p1i, yi) of (18) with
the same type of stability and lim
→0
p1i (·, ) = ζ+i . It is worth to note that if v0 	 1 one obtains K4 ∈ (0, σ1). So
J1 (K4) > 0 and there is no change of stability of the periodic orbits.
It can be proved that when v0 goes from 0 to∞ it follows that K4 goes from∞ to 0. If K4 ∈ (σ2n, σ2n+1) it follows
from the above arguments that the periodic orbit S 1 is asymptotically stable. When K4 ∈ (σ2n+1, σ2n+2) one obtains
that S 1 is unstable and when K4 ∈ (σ2n+2, σ2n+3) the orbit S 1 is again asymptotically stable. This behavior exactly
ﬁts with the deﬁnition of the Sommerfeld Eﬀect, see Deﬁnition 1. For the other equilibrium points one has analogous
behavior. All this information is summed up in Figure 3.
ζ+1 → S1
Stable
ζ+2 → S2
Unstable
S3 ← ζ+3
Stable
ζ+4 → S4
Unstable
J1 (K4) > 0 ζ+1 → S1
Unstable
ζ+2 → S2
Stable
S3 ← ζ+3
Unstable
ζ+4 → S4
Stable
J1 (K4) < 0
Fig. 3. Bifurcation leading to Sommerfeld Eﬀect
Now we are going to get a mechanical interpretation of the Sommerfeld Eﬀect in our system. In view of (13), p1
will be interpreted as a phase for (14). For the the case a) the periodic orbits S 1, S 3 are asymptotically stable. And
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we will assume that these the orbits are the ones physically meaningful. So for S 1 and S 3 it is obtained from (26) and
(13) that
p (s) = s − B2cos (s)
B0
+
B1sin (s)
B0
+
φ3 − φ1
2
+ O () . (27)
From (6) and (27) one has
x1 (s) = cos
(
s − B2cos (s)
B0
+
B1sin (s)
B0
+
φ3 − φ1
2
)
+ O () , (28)
x3 (s) = −cos
(
s − B2cos (s)
B0
+
B1sin (s)
B0
+
φ3 − φ1
2
)
+ O () . (29)
For the case b) the stable periodic orbits are S 2, S 4 and one gets
x2 (s) = sin
(
s − B2cos (s)
B0
+
B1sin (s)
B0
+
φ3 − φ1
2
)
+ O () , (30)
x4 (s) = −sin
(
s − B2cos (s)
B0
+
B1sin (s)
B0
+
φ3 − φ1
2
)
+ O () . (31)
Thus when v0 is small and is increasing, the stable dimensionless displacement x of the cart “jumps” from (28)-(29)
to (30)-(31) and vice-versa. Taking only the zeroth terms of the above equations, one sees the existence of a jump
of the phase in the oscillations of the cart. Usually, in the literature on Sommerfeld Eﬀect for non-ideal systems, the
jumps happen in the amplitude of the oscillations, see1,5. However, in the system investigated in this paper, there is a
constraint on the amplitude given by (3) and, due to it, the Sommerfeld Eﬀect manifests itself in a diﬀerent way, as a
jump in the phase. The exact displacement depends on the initial condition of the orbit. When v0 becomes adequately
big the displacement stabilizes in (28) or (29). Note that the bifurcation of the periodic orbit mainly aﬀects the phase
p1. The dimensionless current and angular speed only have O () changes. Of course, it may exist periodic orbits in
the case v5  0 for adequate special values of the others parameters and a stability analysis can be performed by using
the earlier approach.
It can be proved that K4 = C v4 where C is complicated function depending on vi′s except for v4. Therefore, from
a) and b) it follows the stability of ζ+i only depends on the signal of J1 (C v4). Hence if v4 ∈
(
σ2n
C
,
σ2n+1
C
)
then a)
holds, if v4 ∈
(
σ2n−1
C
,
σ2n
C
)
then b) holds. So, when v4 → ∞ each equilibrium point suﬀers an inﬁnite sequence
of of bifurcations of the type stable→unstable →stable with this pattern repeating indeﬁnitely . Then one has the
Sommerfeld Eﬀect in this case too.
5.1. A numerical result
Now, we perform a numerical computation of the periodic solutions of Eq.(14). From now on let us take the
condition v5 = 0 and the following values for the physical parameters and initial conditions: ν = 2.4, l = 1.880 ×
10−4, jm = 1.21 × 10−4, bm = 1.545 × 10−4, r = 0.307, kt = 0.0534, ke = 0.0533,m = 1, χ = 1, k1 = 0, c1 =
1, p1 (0) = 0.745525, w1 (0) = 0.0021525, z (0) = −0.00227494,  = 0.00206611. For these parameters one has
that K4 = 0.73280 and J1 (K4) = 0.34235. Taking into account the initial condition p1 (0) = 0.745525 one has that
the periodic orbit corresponds to the stable case of S 1, see Figure 3. All parameters above, with the exceptions of
m, d, χ, k1, c1, have the same values as the ones used in2 which represent a real world situation. The orbit with the
above initial conditions is an asymptotically stable periodic orbit. The plotting of this solution is given in Figure 4.
6. Conclusions
In this paper, by using a mathematically rigorous approach, the dynamics of an electromechanical system with a
periodic voltage source has been investigated. It was supposed, in all our arguments, an exact resonance condition
given by (12).
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Fig. 4. A periodic orbit and an attracted orbit
Our most interesting ﬁnding is the existence of Sommerfeld Eﬀect in this system which is a constrained one. It
will be worthy to search for such eﬀect in more complex systems.
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